Abstract. We prove several formulas related to Hodge theory and the Kodaira-SpencerKuranishi deformation theory of Kähler manifolds. As applications, we present a construction of globally convergent power series of integrable Beltrami differentials on Calabi-Yau manifolds and also a construction of global canonical family of holomorphic (n, 0)-forms on the deformation spaces of Calabi-Yau manifolds. Similar constructions are also applied to the deformation spaces of compact Kähler manifolds.
Introduction
In this paper, we will present several results about Hodge theory and the deformation theory of Kodaira-Spencer-Kuranishi on compact Kähler manifolds. Our main observations include a simple L 2 -quasi-isometry result for bundle valued differential forms, an explicit formula for the deformed∂-operator, and an iteration method to construct global Beltrami differentials on Calabi-Yau (CY) manifolds and holomorphic (n, 0)-forms on the deformation spaces of compact Kähler manifolds of dimension n. We will present an alternative simple method to solve the ∂-equation, prove global convergence of the formal power series of the Beltrami differentials and the holomorphic (n, 0)-forms constructed from the Kodaira-Spencer-Kuranishi theory. These series previously were only proved to converge in an arbitrarily small neighborhood. We will discuss more applications to the Torelli problem and the extension of twisted pluricanonical sections in a sequel to this paper.
Let us first fix some notations to be used throughout this paper. All manifolds in this paper are assumed to be compact and Kähler, though some results still hold for complete Kähler manifolds; a Calabi-Yau, or CY manifold, is a compact projective manifold with trivial canonical line bundle. By Yau's solution to the Calabi conjecture, there is a CY metric on X such that the holomorphic (n, 0)-form Ω 0 on X is parallel with respect to the metric connection. For a complex manifold (X, ω) and a Hermitian holomorphic vector bundle (E, h) on X, we denote by A p,q (X) the space of smooth (p, q)-forms on X and by A p,q (E) = A p,q (X, E) the space of smooth (p, q)-forms on X with values in E. Similarly, let H p,q (X) be the space of the harmonic (p, q)-forms and let H p,q (X, E) be the space of the harmonic (p, q)-forms with values in E. Let ∇ be the Chern connection on (E, h) with canonical decomposition ∇ = ∇ ′ + ∂ where ∇ ′ is the (1, 0) part of the Chern connection ∇. Let G and H denote the Green operator and harmonic projection in the Hodge decomposition with respect to the operator ∂, that is A Beltrami differential is an element in A 0,1 (X, T
1,0
X ), where T
X denotes the holomorphic tangent bundle of X. The L 2 -norm · = · 1 2 L 2 is induced by the metrics ω and h. The C k -norm · C k will be used on the Beltrami differentials. Now we briefly describe the main results in this paper. The following quasi-isometry on compact Kähler manifolds is obtained in Section 2. Theorem 1.1 (Quasi-isometry). Let (E, h) be a Hermitian holomorphic vector bundle over the compact Kähler manifold (X, ω).
(1) For any g ∈ A n,• (X, E), we have the following estimate ∂ * Gg 2 ≤ g, Gg .
(2) If (E, h) is a strictly positive line bundle with Chern curvature Θ E and ω = √ −1Θ E , for any g ∈ A n−1,• (X, E) we obtain
(3) If E is the trivial line bundle, for any smooth g ∈ A p,q (X),
In the following, we shall use i φ and φ to denote the contraction operator with φ ∈ A 0,1 (X, T 1,0 X ) alternatively if there is no confusion. For φ ∈ A 0,1 (X, T 1,0 X ), the Lie derivative can be lifted to act on bundle valued forms by
There is also a canonical decomposition
according to the types.
In Section 3, we prove some explicit formulas for the deformed differential operators on the deformation spaces of complex structures and one of our main results is Theorem 1.3. Let φ ∈ A 0,1 (X, T 1,0 X ). Then on the space A •,• (X, E), we have
As applications of Theorem 1.1 and Theorem 1.3, in Section 4 we use ideas of recursive methods to construct Beltrami differentials in Kodaira-Spencer-Kuranishi deformation theory. Similar methods are also presented in [1] , [9] , [4] , [15] , [14] , [2] , [12] , [11] and the references therein. At first, we present the following global convergence on the deformation space of CY manifolds:
. Then for any nontrivial holomorphic (n, 0) form Ω 0 on X, there exits a smooth globally convergent power series for |t| < 1,
The key ingredient in Theorem 1.4 is that the convergent radius of the power series is at least 1, which was previously proved to be sufficiently small. We shall see that the L 2 -estimate in Theorem 1.1 plays a key role in the proof of Theorem 1.4. The power series thus obtained is called an L 2 -global canonical family of Beltrami differentials on the CY manifold X.
In Section 5, we obtain the following theorem to construct deformations of holomorphic (n, 0)-forms, which are globally convergent in the L 2 -norm for CY manifolds.
Theorem 1.5. Let Ω 0 be a nontrivial holomorphic (n, 0)-form on the CY manifold X and X t = (X t , J Φ(t) ) be the deformation of the CY manifold X induced by Φ(t) as constructed in Theorem 1.4. Then for any |t| < 1,
As a straightforward consequence of Theorem 1.5, we have the following global expansion of the canonical family of (n, 0)-forms on the deformation spaces of CY manifolds in cohomology classes. Similar ideas are also used in [4, Theorem 1.34 ]. This expansion also has interesting applications in studying the global Torelli problem. 
where
H n−j,j (X) denotes the terms of orders at least 2 in t.
Finally, we need to point out that on the deformation spaces of compact Kähler manifolds, if we assume the existence of a global family of Beltrami differentials Φ(t) as stated in Theorem 1.4, we can also construct L 2 -global family of (n, 0)-forms on the deformation spaces of compact Kähler manifolds. For more details, see Theorem 5.5 and Corollary 5.6.
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∂-equations on non-negative vector bundles
In this section, we will prove a quasi-isometry result in L 2 -norm with respect to the operator ∂ * • G on a compact Kähler manifold. This gives a rather simple and explicit way to solve vector bundle valued ∂-equations with L 2 -estimates. Let (E, h) be a Hermitian holomorphic vector bundle over the compact Kähler manifold (X, ω) and ∇ = ∇ ′ + ∂ be the Chern connection on it. With respect to metrics on E and X, we set = ∂∂ * + ∂ * ∂,
Accordingly, we associate the Green operators and harmonic projections G, H and G ′ , H ′ in Hodge decomposition to them, respectively. More precisely,
be the local holomorphic coordinates on X and {e α } r α=1 be a local frame of E. The curvature tensor Θ E ∈ Γ(X, Λ 2 T * X ⊗ E * ⊗ E) has the form
∂h γβ ∂z j . Here and henceforth we adopt the Einstein convention for summation. Definition 2.1. A Hermitian vector bundle (E, h) is said to be semi-Nakano-positive (resp. Nakano-positive), if for any nozero vector
For a line bundle, it is strictly positive if and only if it is Nakano-positive.
Theorem 2.2 (Quasi-isometry).
Let (E, h) be a Hermitian holomorphic vector bundle over the compact Kähler manifold (X, ω).
(1) For any g ∈ A n,• (X, E), we have the following estimate
(2) If (E, h) is a strictly positive line bundle and ω = √ −1Θ E , for any g ∈ A n−1,• (X, E),
If E is the trivial line bundle, for any smooth g ∈ A p,q (X),
In particular, if ∂∂g = 0 and g is ∂ * -exact, we obtain the isometry
since the Green operator is self-adjoint and zero on the kernel of Laplacian by definition. (2) . If (E, h) is a strictly positive line bundle over X and ω = √ −1Θ E , for any g ∈ A n−1,q (X, E), by the well-known Bochner-Kodaira-Nakano identity
we obtain H(∇ ′ g) = 0 and thus
Therefore,
. If E is the trivial line bundle, for any g ∈ A p,q (X), we have the following
since the Green operator is nonnegative. In particular, if ∂∂g = 0 and g is ∂ * -exact, we have H(g) = 0 and ∂ * g = 0. Hence, we obtain the isometry ∂ * G∂g = g .
Proposition 2.3 (∂-Inverse formula).
Let (E, h) be a Hermitian holomorphic vector bundle with semi-Nakano positive curvature Θ E over the compact Kähler manifold (X, ω).
This solution is unique as long as it satisfies H(s) = 0 and ∂ * s = 0.
Proof. By the well-known Bochner-Kodaira-Nakano identity
if E is semi-Nakano positive( e.g. [3] ). It implies that, for any φ ∈ A n,• (X, E),
Thus, on the space A n,• (X, E),
By Hodge decomposition, we have
where the identity H∇ ′ g = 0 is used. Actually, we know ∇ ′ g⊥ ker ′ and obviously ∇ ′ g⊥ ker by the first inclusion of (2.4). The uniqueness of this solution follows easily. In fact, if s 1 and s 2 are two solutions to
Beltrami differentials and deformation theory
In this section we prove several new formulas to construct explicit deformed differential operators for bundle valued differential forms on the deformation spaces of Kähler manifolds. These formulas are applied to the deformation spaces of CY manifolds in later sections while more applications to the deformation theory of Kähler manifolds and holomorphic line bundles will be discussed in the sequel to this paper. Throughout this section, X is always assumed to be a complex manifold.
For X 0 ∈ Γ(X, T 1,0 X ), the contraction operator is defined as
We will also use the notation ' ' to represent the contraction operator in the sequel, that is,
X ), the contraction operator can be extended to (3.1)
For example, if φ = η⊗Y with η ∈ A 0,q (X) and Y ∈ Γ(X, T 1,0
The following result follows easily.
For any φ ∈ A 0,q (X, T 1,0 X ), we can define i φ as (3.1) and thus extend L φ to be (3.4)
According to the types, we can decompose
Then, we write
Let (E, h) be a Hermitian holomorphic vector bundle over X and ∇ be the Chern connection on (E, h).
Then we have the following general commutator formula.
In particular, if ϕ, ϕ
Proof. Since the formulas are all local and C-linear, without loss of generality, we can assume that
On the other hand, for any α ∈ A p,q (X, E),
where we apply the formula
which is proven in [7] , and
In fact,
As an easy corollary, we have the following result which was known as Tian-Todorov lemma.
and Ω ∈ A n,0 (X), then one has
In particular, if X is a CY manifold and Ω 0 is a nontrivial holomorphic (n, 0) form on X, then or any ϕ, ψ ∈ H 0,1 (X, T 1,0
Note that, here both ϕ Ω 0 and ψ Ω 0 are harmonic.
X ) and i φ be the contraction operator. Define an operator
. Since the dimension of X is finite, the summation in the above formulation is also finite.
The following theorem gives explicit formulas for the deformed differential operators on the deformation spaces of complex structures. It also explains why it is relatively easy to construct extension of sections of the bundle K X + E where K X is the canonical bundle of X. We remark that this result is motivated by [2] where a special case was proved.
Proof. (3.12) follows from (3.7) and formula
which can be proved by induction by using (3.7). Similarly, (3.13) follows from (3.8) and
Now we prove (3.15) by induction. It is obvious that (3.15) is equivalent to the statement that, for any k ≥ 2, (3.16)
where Lemma 3.2 is applied. Now we assume that (3.16) is right for all integers less than k where k ≥ 4. That is,
We will show F k = 0. Now we set
So, by induction, we have
( Alternatively, we can also approach this equality directly by induction on the term
The proof of (3.15) is finished. From (3.15), it follows that
by comparing degrees. Then, we have
Now we finish the proof of (3.13) while the proof of (3.12) is similar. Finally, when ∂φ = 
In particular, if φ is integrable, i.e., ∂φ − 1 2
[φ, φ] = 0, then
The above formula gives an explicit recursive formula to construct deformed cohomology classes for deformation of Kähler manifolds. When E is a trivial bundle, the above formula was used in [6] to study the global Torelli theorem.
Global canonical family of Beltrami differentials
In this section, based on the techniques developed in Sections 2 and 3, we shall construct the following globally convergent power series of Beltrami differentials in L 2 -norm on CY manifolds. To avoid the bewildering notations, we just present the details on the oneparameter case and then give a sketch of the multi-parameter case.
The convergence of the power series in the following lemma is crucial in our proof of the global convergence and regularity results.
be a series given by
inductively with real initial value x 1 . Then the power series
It follows from (4.1) that
Here we take S(τ ) =
, since we have S(0) = 0 according to the assumption. Therefore, we have the following expansion for S S = 1 2c
which implies that
This is the explicit expression for each x n . Now it is easy to check that the convergence radius of the power series S = The following result is contained in [15, 14] , we briefly recall here for the reader's convenience.
Lemma 4.2. Assume that for
Then one has
Proof. By definition formula (3.5), one has
Then we have
where the second equality is implied by (4.4) and the third one follows from the assumption (4.2). When α = β = γ, by Jacobi identity one has
Otherwise, Jacobi identity implies that
We need some basic estimates. At first, let's recall the following estimate in [9, p.162], for any η 1 , η 2 ∈ A 0,1 (X, T 1,0
where C 1 is a constant independent of η 1 , η 2 . Next, for any (n, 0)-from s on X, we have
This inequality follows by checking the local inner product by definition. Similarly,
where C 2 is independent of η 1 , η 2 , s. . Then for any nontrivial holomorphic (n, 0) form Ω 0 on X, there exits a smooth globally convergent power series for |t| < 1,
Proof. Let us first review the construction of the power series Φ(t) by induction from [14] and [15] . Suppose that we have constructed ϕ k for 2 ≤ k ≤ j such that:
c) ϕ k Ω 0 is ∂-exact and thus ∂(ϕ k Ω 0 ) = 0. Then we need to construct ϕ j+1 such that:
is ∂-exact and thus ∂(ϕ j+1 Ω 0 ) = 0. Actually, it follows from Lemma 3.3 and the assumption c) that
Then, Lemma 4.2 and the assumption a) imply
So formula (4.10) and Proposition 1.2 tell us that the equation
where Ω *
∂z n in local coordinates is the dual of Ω 0 . It is easy to check that
since Ω 0 is parallel, and also Ψ j+1 Ω * 0 , which is shown to satisfy Properties a ′ ), b ′ ) and c ′ ). To complete this induction, it suffices to work out the case j = 2. It is obvious that ϕ 2 can be constructed as
which satisfies a), b) and c). Moreover, one has the following equality for each k ≥ 2,
Next, let us prove the L 2 -convergence and regularity of Φ(t). Without loss of generality we can assume Ω 0 L 2 = 1 and thus have for |t| < 1,
Now we set a sequence {x j } as in Lemma 4.1:
, and
Therefore by Lemma 4.1,
Next, we claim (4.12)
By assuming (4.12), we have
x j |t| j < ∞ for |t| < 1 by Lemma 4.1. In the following we shall prove (4.12) by induction. From the iteration relation,
we see ∂ϕ 2 = 1 2
[ϕ 1 , ϕ 1 ], or equivalently,
Hence, by (4.5), we get
By induction, we assume
and we shall prove ϕ k C 1 ≤ x k . In fact, we have
and so by (4.5) and induction conditions,
Hence, we complete the proof of (4.12). For local regularity of Φ(t)(i.e., t sufficiently small) it follows from standard elliptic operator theory (e.g. [9] ). But for global regularity( |t| < 1), their proof does not work directly. Here we use a different approach to prove it. At first, we see that Φ(t) Ω 0 is ∂-closed in the distribution sense, i.e. by using the definition of Φ and the fact that ϕ k Ω 0 are all ∂-exact for k ≥ 2, ϕ 1 Ω 0 is harmonic. In fact, for any test form η on X,
Since e Φ(t) Ω 0 is a family of (n, 0) forms on X t , by Corollary 3.5( for more complete argument, see Proposition 5.1), we obtain (4.14)
∂ t e Φ(t) Ω 0 = 0 in the distribution sense where ∂ t is the (0, 1)-part of the differential operator d on X t induced by the complex structure J Φ(t) . Therefore, by the hypoellipticity of ∂ t on (n, 0) forms, we obtain e Φ(t) Ω 0 is a holomorphic (n, 0) form on X t and so e Φ(t) Ω 0 is smooth on X t and so on X. Finally, by contracting Ω * 0 as above, we obtain that e Φ(t) is smooth on X, and so is Φ(t).
Now we state the following multi-parameter result, while we just sketch its proof since it is essentially the same as the one-parameter case. . Then for any nontrivial holomorphic (n, 0) form Ω 0 on X, and |t| < 1, we can construct a smooth power series of Beltrami differentials on X as follows
where ϕ 0···ν i ···0 = ϕ i . This power series has the following properties: a) ∂Φ(t) = [Φ(t), Φ(t)], the integrability condition; b) ∂ * ϕ I = 0 for each multi-index I with |I| ≥ 1; c) ϕ I Ω 0 is ∂-exact for each I with |I| ≥ 2. and more importantly, d) global convergence: Φ(t) Ω 0 ≤ I ϕ I Ω 0 · |t| |I| < ∞ as long as |t| < 1.
Proof. Let us construct the power series Φ(t) in multi-parameters by induction. Write
It is easy to see that Φ(t) should satisfy:
. Assuming that the above three assumptions hold for ϕ ν 1 ···ν N ∈ B ≥2 ∩ B ≤K , then one can construct ϕ ν 1 ···ν N ∈ B K+1 such that it also satisfies these three assumptions. In fact, Lemma 3.3 and the assumption c) for ϕ ν 1 ···ν N ∈ B ≥2 ∩ B ≤K imply that
,
Then, by multi-index Lemma 4.2 and the assumption a) for ϕ ν 1 ···ν N ∈ B ≥2 ∩ B ≤K , we have
. Therefore, one can construct Ψ ν 1 ···ν N directly by ∂-Inverse formula 2.3 and (4.17) as
Hence we define
which obviously satisfies a), b) and c).
Up to now we have completed the construction of the power series Φ(t) satisfying a), b) and c) as in Theorem 4.3. By using similar arguments as in the proof of Theorem 4.3, we get the global convergence in L 2 -norm and also the smoothness of Φ(t) .
Global canonical family of holomorphic (n, 0)-forms
Based on the construction of L 2 -global canonical family Φ(t) of Beltrami differentials in Theorem 4.4, we can construct an L 2 -global canonical family of holomorphic (n, 0)-forms on the deformation spaces of CY manifolds. By using a similar method, we can also construct L 2 -global canonical family of holomorphic (n, 0)-forms on the deformation spaces of general compact Kähler manifolds. 
for t ∈ C N with |t| < 1. It is easy to check that the map
is a well-defined linear isomorphism.
Proposition 5.1. For any smooth (n, 0) form Ω ∈ A n,0 (X), the section e Φ(t) Ω ∈ A n,0 (X t ) is holomorphic with respect to the complex structure J Φ(t) induced by Φ(t) on X t if and only if
Proof. This is a direct consequence of Corollary 3.5. In fact,
if the vector bundle E is trivial and Φ(t) satisfies the integrability condition. The operator d, which is independent of the complex structures, can be decomposed as d = ∂ t + ∂ t , where ∂ t and ∂ t denote the (0, 1)-part and (1, 0)-part of d, with respect to the complex structure J Φ(t) induced by Φ(t) on X t . Note that e Φ(t) Ω ∈ A n,0 (X t ) and so
Hence,
which implies the assertion. (In case Φ(t) is just L 2 -integrable, we also see from this formula that ∂ t e Φ(t) Ω = 0 in the distribution sense if ∂Ω + ∂(Φ Ω) = 0 in the distribution sense, and so by hypoellipticity of ∂ t on (n, 0) forms of X t , we know e Φ(t) Ω is, in fact, a holomorphic (n, 0)-form on X t .) Theorem 5.2. Let Ω 0 be a nontrivial holomorphic (n, 0)-form on the CY manifold X and X t = (X t , J Φ(t) ) be the deformation of the CY manifold X induced by the L 2 -global canonical family Φ(t) of Beltrami differentials on X as constructed in Theorem 4.4. Then, for |t| < 1,
defines an L 2 -global canonical family of holomorphic (n, 0)-forms on X t and depends on t holomorphically.
Proof. Since Ω 0 is holomorphic, and Φ(t) is smooth, by (4.13), we obtain
Hence, by Proposition 5.1 and Theorem 4.4, Ω C t = e Φ(t) Ω 0 defines an L 2 -global canonical family of holomorphic (n, 0)-forms on X t for |t| < 1. The holomorphic dependence of Φ(t) on t implies that Ω C t depends on t holomorphically. 
where O(|t| 2 ) denotes the terms in n j=2 H n−j,j (X) of orders at least 2 in t.
Proof. From Theorem 5.2 and Hodge theory we can see that for |t| < 1,
By Theorem 4.4, ϕ i Ω 0 is harmonic and that ϕ I Ω 0 is ∂-exact for each |I| ≥ 2. Hence
[
where O(|t| 2 ) denotes the term
H n−j,j (X).
Iteration procedure on deformation spaces of compact Kähler manifolds.
In this subsection, we extend our constructions to the deformation spaces of compact Kähler manifolds. We shall use iteration procedure to construct holomorphic sections of the canonical line bundle K Xt of the deformation X t of a Kähler manifold X induced by the Beltrami differential Φ(t) satisfying the integrability condition. More precisely, our goal is to find a convergent power series for any holomorphic section Ω 0 ∈ H 0 (X, K X ),
such that e Φ(t) Ω t ∈ H 0 (X t , K Xt ) is holomorphic with respect to the induced complex structure J Φ(t) by Φ(t).
Let X be an n-dimensional compact Kähler manifold and 
with ϕ 0···ν i ···0 = ϕ i , is called an L 2 -global canonical family of Beltrami differentials on the Kähler manifold X if it satisfies:
(1) the integrability condition: ∂Φ(t) = [Φ(t), Φ(t)]; (2) global convergence in the sense that
as long as t ∈ C N with |t| < R, where the convergence radius R is a constant only depending on C N and Ω 0 is a non-zero holomorphic (n, 0)-form.
As an analogue to Theorem 5.2 on deformation spaces of CY manifolds, we have the following result on deformation spaces of compact Kähler manifolds:
Theorem 5.5. If there exists an L 2 -global canonical family Φ(t) of Beltrami differentials on the Kähler manifold X with convergence radius R, and let X t = (X t , J Φ(t) ) be the deformation of X induced by Φ(t), then for any holomorphic (n, 0)-form Ω, we can construct a smooth power series
such that Ω 0 = Ω with the following properties:
is ∂-exact and also ∂ * -exact for all |I| ≥ 1;
Proof. By the proof of Proposition 5.1, we see it also holds on compact Kähler manifold X. Hence by Proposition 5.1, we know that Ω t must satisfy the equation
By comparing the coefficients of t As similar as Corollary 5.3, we also obtain a global expansion of the canonical family of (n, 0)-forms on the deformation spaces of compact Kähler manifolds in cohomology classes. H n−j,j (X) of orders at least 2 in t.
Proof. The proof is very similar to that of Corollary 5.3.
[Ω
The difference is that, ϕ i Ω 0 is not necessarily harmonic, and for |I| ≥ 2 ϕ I Ω 0 is not ∂-exact in general.
